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SHARP SQUARE-FUNCTION INEQUALITIES
FOR CONDITIONALLY SYMMETRIC MARTINGALES

GANG WANG

Abstract. Let / be a conditionally symmetric martingale taking values in a

Hubert space HI and let S(f) be its square function. If v is the smallest

positive zero of the confluent hypergeometric function and p is the largest

positive zero of the parabolic cylinder function of parameter p , then the fol-

lowing inequalities are sharp:

11/11, < vp\\S{f)\\p    if0<p<2,

\\f\\p<Hp\\S(f)\\p   if/>>3,

»p\\S(f)\\p < ll/llp    ¡f/>>2.

Moreover, the constants v and p. for the cases mentioned above are also

best possible for the Marcinkiewicz-Paley inequalities for Haar functions.

1. Introduction

Let Wt, 0 < t < oo, be standard Brownian motion. It is known that there

exist positive constants A   and a   such that for any stopping time T of Wt,

(1.1) \\WT\\p<Ap\\Tll\,     if 0 < /; < oo,

and

(1.2) ap\\Tl/2\\p<\\WT\\p,    ifK/xoo   and   ||r1/2||p < oo.

For the exponents p > 1, these follow from the inequalities of Burkholder in

[3]; see, for example, Millar [11]. Burkholder and Gundy in [6] extended (1.1)

to the exponents 0 < p < 1. See the work of Novikov [ 13] for a different

method and [4] for more information and related results.

Davis in [7] obtained the best possible values for the constants ap and Ap .

For p = 2n , n a positive integer, they are respectively vp and pp , where vp

and p   are the smallest and largest positive zeros of the Hermite polynomial
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of order 2« . When p = 4, this had been proven by Novikov in [12], and it

is well known that the best values for a2 and A2 are 1. For more general p ,

things are little more complicated. Let v be the smallest positive zero of M ,

the confluent hypergeometric function, and p be the largest positive zero of

D , the parabolic cylinder function of parameter p . We will define M and

Dp in more detail later in §2. When p = 2n , both Mp and D become the

Hermite polynomial of order 2« . Then the best possible constants for A are

v when 0 < p < 2 and p for 2 < p < oo. On the other hand, the best

possible constants for a   are p   when 1 < p < 2 and v   when 2 < p < oo.

Brownian motion is a continuous time martingale. In the analogues of (1.1)

and (1.2) for discrete time martingales, less is known about the best possible

values for the constants a and A . Recall that / = (fx, f2, ... , fn , ... ),

a sequence of real integrable functions on a probability space (Çl,stf, P), is

a real martingale if dn+x is orthogonal to <p(dx, ... , dn) for all real bounded

continuous functions (p on Rn and all n > 1, where (dx, d2, ... , dn, ...) is

the difference sequence of f: fn = J2l=i dk ■ This is equivalent to

E(fn+l\fl,f2,..-,fn) = f„   a.e. forall»>l.

Let Sn(f) = (ELi \dk\2)l/2 ■ We also use the notations \\f\\p and S(f) stand-

ing for supn(E\fn\p)x'p and limn_tooSn(f) respectively. The function S(f) is

called the square function of /.

If H is a Hilbert space, we can define an H-valued martingale in a similar

way: The integral of the product of the H-valued strongly integrable function

dn+x with the scalar-valued function tp(dx, d2, ... , dn), where <p is bounded

and continuous on W." , is equal to the origin of H. If the norm of H is denoted

by | • |, then Sn(f), S(f), and ||/||    are defined as above.

Let 1 < p < oo. In [3], Burkholder showed that there exist positive constants

bp and Bp such that for all real-valued martingales /,

(1-3) bp\\S(f)\\p<\\f\\p<Bp\\S(f)\\p.

Recently Burkholder [5] proved the following extension of (1.3) and, at the

same time, obtained some information about the best constants.

Theorem A. If I < p < oo, then, for any M-valued martingale f,

(p*-l)~l\\S(f)\\p<\\f\\p<(p*-l)\\S(f)\\p

where p* = max(p, ^¡-). In particular,

(1-4) 11/11, <CP-1)||S(/)||P   ifp>2,

and

(1-5) (p-mS(f)\\p<\\f\\p   ifl<P<2.

Moreover, the constants in (1.4) and (1.5) are best possible.

Pittenger [15] proved part of (1.4): the special case in which p > 3 and

H = R.   His proof can be modified to carry over to any Hilbert space, but
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cannot be modified to carry over to 2 < p < 3 even for H = R. The best

possible constants are unknown for the cases not covered by (1.4) and (1.5).

Here we consider a class of special martingales: the class of condition-

ally symmetric martingales. A martingale / = (fx, f2, ...) is conditionally

symmetric if dn+x and -dn+l have the same conditional distribution given

dx, ... ,dn. To be precise, for any positive integer n and any two bounded

real continuous functions t and # on H and M" respectively, the integral of

the product of i(dn+x) with x(dx, ... , dn) is the same as that of t(-dn+x) with

X(dx,... ,dn). In the real case, this is equivalent to P(dn+X > a\dx, ... ,dn) =

R(dn+X < ~a\dx, ... , dn) a.e. for each positive integer n and each positive real

number a. For example, let <px, q>2, ... be the complete orthonormal system

of Haar functions on [0, 1], and let Xx, X2, ... be elements of a Hilbert space

H. Then
n

k=\

defines a conditionally symmetric martingale /=(/,, f2, ...). In fact, any

dyadic martingale is conditionally symmetric.

For Xi £ R and the exponents p > 1, Marcinkiewicz [10] proved (1.3) in

the Haar case by using Paley's [14] work which gave an equivalent Walsh series

form. Burkholder and Gundy in [6] proved the right-hand side of (1.3) for /

in the Haar case with real Xi and exponents 0 < p < 1. Davis [7] found the

best possible constants B in (1.3) when 0 < p < 2 and b in (1.3) when

2 < p < oo for real conditionally symmetric martingales. They are the same as

those found for A and a . He used Skorohod embedding but this does not

work for H-valued martingales.

In this paper we will find best possible constants of the right-hand side of

(1.3) when 0 < p < 2 and p > 3 and those of the left-hand side when p > 2

for Hilbert-space-valued conditionally symmetric martingales. We will show the

following theorem:

Theorem 1. Let f be an M-valued conditionally symmetric martingale. Then

(1-6) 11/11, <^,I|S(/)II,    if0<p<2,

(1-7) 11/11, <^,I|S(/)||,    í/>>3,

and

(1-8) vp\\S{f)\\p<\\ñ,   i/P>2-

Moreover, the constants are best possible.

By the standard approximation argument we can assume that the sequence

(/ ) consists of simple functions and that H = RN for some positive integer

N. Hence, Theorem 1 is implied by the following:
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Theorem 1 '. Let /=(/,, f2, ... ) be a Hilbert-space-valued conditionally sym-

metric martingale of simple functions. Then

(1.6)' 11/11, <vp\\S(f)||,   i/0<p<2,

(1-7)' 11/11, <Pp\\S(f)\\p   ifp>3,

and

(1-8)' "p\\S(f)\\p<\\f\\p   ifP>2-

Moreover, the constants are best possible.

The constants are also the best in the Haar case. This gives some new infor-

mation about Marcinkiewicz-Paley inequalities.

Inequalities ( 1.6)'—(1.8)' are equivalent to: For any n> 1,

(1-9) H/J, < "p\\Sn(f)\\p   ifO<P<2,

(1-10) \\fn\\p<Pp\\Sn(f)\\p   ifp>3,

and

(1.11) "pll-WH, < ll/„llp   ifP>2.

The inequalities (1.6)'-(1.8)' imply ( 1.9)—( 1.11) since for any n > 1, (/,,

f2, ... , fn,0,0, ...) is a conditionally symmetric martingale. On the other

hand, by taking n -, oo, (1.9)—(1.11) imply (1.6)'-(1.8)'.
We also discuss what we know for the other cases, for the exponents not

mentioned above.

The author would like to thank Professor Donald L. Burkholder for suggest-

ing this problem and his continued guidance, encouragement, and support. He

would like to express his gratitude to Professor Rodrigo Bañuelos for his invalu-

able discussions. He would also like to express his appreciation to the referee

for the helpful suggestions which make the paper more concise and easy to read.

2. Confluent hypergeometric functions and

parabolic cylinder functions

The confluent hypergeometric function M is closely related to Kummer's

function M(a, b, z), which is a solution of the differential equation

(2.1) zw"(z) + (b- z)w'(z) - aw(z) = 0.

The explicit form of M(a, b, z) is

m   í«..».,)-i+í¿£+$£+...+$cí;+...

where (a)n = a(a + 1) • • • (a + n - 1), (a)0 = 1. Let Mp(x) = M(-\, \, =¿),

the function mentioned in § 1. If p = 2« , then M  is a constant multiple of the
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Hermite polynomial of order 2« where the constant depends on n . By (2.1)

and (2.2), the function M  satisfies

(2.3) U"(x)-xU'(x)+pU(x) = 0

and

(2.4) U(0) = 1,        U'(0) = 0.

Differentiating (2.3) twice, we see that M." satisfies

(2.5) U"(x)-xU'(x) + (p-2)U(x) = 0.

From (2.2) it is clear that Mp(0) = -p and M(p](0) = 0. Thus, by the unique-

ness of the solution of the differential equation (2.3) with initial conditions

(2.4), we have

(2.6) M'p'(x) = -pMp_2(x).

As in §1, we denote the smallest positive zero of M by v . Let v = oo if

no such zero exists.

Parabolic cylinder functions are related to the confluent hypergeometric func-

tions. They are solutions of the differential equation

Y"(x) + (ax2 + bx + c)Y(x) = 0.

Here we consider the solutions of the special case

Y"(x)-(\x2-p-\)Y(x) = Q.

Two linearly independent solutions are

x'***f   i   iyl(x) = e-xl*M(-2},x2,x2)

and
..-1 i

y2(x) = xe-x/4M(-Z2 + £,§,£).

id(
tion, is defined by

The parabolic cylinder function D , which is also known as Whittaker's func-

D (x) = y,(x)cos|7r + Y2(x) sin ¿71,

where

Yx(x) = (2p/2/Vrl)Y((p +l)/2)yx (x)

and
Y2(x) = (2{p+l)/2/V7Ï)Y((p + 2)/2)y2(x).

We shall sometimes write U(-p - \, x) for D (x). Let h Ax) = ex   D Ax).

An easy calculation yields that h   satisfies (2.3).

From 19.6.1 and 19.8.1 of [1], we have

(2.7) Vx).^{i_^H+0(^)} as x —► oo.
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and

h'p(x) = §ex2/4U(-p - ¿, x) + //4i/(-p -i.Jc)

= f //4C/(-p - i, x) + //4{-f C/(-p - \, x) +pU(-p + \, x)}

= Php_Ax).

Let u be the largest positive zero of A . If h has no zero or no positive

zero, let p  = 0.

3. AN OUTLINE OF THE PROOFS

Recall that v   and p   are, respectively, the smallest positive zero of M ,

and the largest positive zero of Dp . We define functions v , V , v  , and V

on H by

vp(x) = \x\p -ppp   ifp>2,

= pP-\x\p   if\<p<2,

Vp(x,t) = tp/2vp(x/Vt)     ift>0,

= sgn(p-2)|x|p   ifi = 0

(here sgn(O) = 1), and

vp(x) = \x\p-vpp    if0<p<2,

= vPp-\x\p   ifp>2,

Vp(x, t) = fl2vp{xl>Tt)        if t > 0,

= - sgn(p - 2)\x\p   ift = 0.

Let /=(/,, f2, ... ) be a real conditionally symmetric martingale of simple

functions. Then for 0 < p < 2,

Wfnt - «ÍIIWIi; = E(\fn\p - vPpSn(f)p) = EVp(fn , S2n(f)).

So \\fn\\p < vp\\Sn(f)\\p is equivalent to EVp(fn , S2n(f)) < 0 when 0 < p <

2 . Similarly, when p > 2, vp\\fn\\p < \\Sn(f)\\p is equivalent to EV p(fn , S2n(f))

< 0 ; and when p > 3, \\fn\\p < pp\\Sn(f)\\p is equivalent to EVp(fn , S2n(f)) <
0. Thus (1.9)-(1.11) are equivalent to

(3.1) EVp(fn,S2n(f))<0   forp>3,

and

(3.2) EVp(fn,S2n(f))<0   forp>0.
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Our method is to find functions U (x, t) on H x [0, oo) for p > 3 and

VAx, t) on H x [0, oo) for p > 0 such that

(3.3) Vp(x, t) < Up(x, t),

(3.4) \{Up(x + a, / + \a\2) + Up(x - a, t + \a\2)} - Up(x, t)<0

for p > 3 and all x, a £ H, t £ [0, oo),

(3.5) Vp(x,t)<Vp(x,t),

(3.6) \{Up(x + a,t+ \a\2) + Vp(x -a,t + \a\2)} - Vp(x ,t)<0

for p > 0 and all x, a £ H, t £ [0, oo) ; and

(3.7) Up(a, \a\2) < 0   and   Vp(a, \a\2) < 0   for all a £ H.

We call (3.3) and (3.5) the majorization properties, (3.4) and (3.6) the aver-

aging properties, and (3.7) the negativity property.

Once such functions are known, then for a conditionally symmetric martin-

gale /=(/,, f2, ... ) with difference sequence (dx, d2, ...) and with each fn

simple,

(3-8) EVp(fn , S2n(f)) < EUp(fn , S2n(f)),

(3.9) EVp(fn , S2n(f)) < EUp(fn , S2n(f)),

from (3.3) and (3.5). For m > 1, on 2¡m = {dx= </x, d2= </2, ... , dm= afm) ,

let /m = E™. < . SJf) = (Ef=i <2)1/2 • BY conditional symmetry and (3.4),

/   up(fm+x,s2m+x(f)) = l   Up(fm + dm+x,S2m(f) + \dm+x\2)
m m

= iEÍL xUP(fm + ̂ S2m(f) + \a\2)
a       \    l     m '    m+1        I

+ f Up(fm-a,S2m(f) + \a\2))

= \Y,^m,dm+x=a)Up(fm + a,S2m(f) + \a\2)
a

+ n®m , dm+x = -a)Up(fm - a, S2m(f) + \a\2))

= l2EP(3>m>dm+x=a)(Up(fm + a,S2m(f) + \a\2)
a

+ Up(fm-a,S2Jf) + \a\2))

<EP^m^dm+x=a)Up(fm,S2m(f))
a

- upWm, s2m(f)) ■ P{3>m) = j3 Up(fm , S2m(f)).
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Consequently, for m > 1,

EUp(fm+x,S2m+x(f))<EUp(fm,S2m(f)).

Thus for m > 1,

(3.10) EUp(fm, S2m(f)) < EUp(fx, S2(f)) = EUp(fx, |/,|2).

But EUp(fx, \fx\2) < 0 by (3.7), so combining (3.8) and (3.10), we have (3.1).

Similarly (3.2) will follow if U (x, t) is known.

Note. When p > 0, if we only find Up(x, t) defined on ¿T = {(x, t): x £

%?, t > 0} satisfying

(3.5)' Vp(x,t)<Vp(x,t),

(3.6)'_

\{Up(x + a, t + \a\2) + Up(x-a, t + \a\2)} - Up(x, t) < 0   fora eH,

and

(3.7)' Vp(a,\a\2)<0   for all a £ H\{0},

then (3.2) still holds. The reason is the following.

Extend Vp(x, t) to ^U{(0, 0)} by defining 17,(0, 0) = 0. Since Sn(f) = 0
implies fn = 0 for all n > 1, in order to have

EVp(fn,S2n(f))<EVp(fn,S2n(f)),

EVp(fn+x,S2n+x(f))<EVp(fn,S2n(f)),

and

EUp(fx, S2(f)) = EVp(fx,\fx\2) <0,
we need only

(3.11) Vp(x,t)<Vp(x,t),

(3.12) x2{Vp(x + a, t +\a\2) +Vp(x - a, t + \a\2)} -Vp(x, t) <0,

for all a e H, {x,t)efö {(0, 0)} , and

(3.13) Fp(a,|a|2)<0   for all a £ H.

(3.11) and (3.13) follow clearly from the definition of U   and (3.5)'.

If t > 0, (3.12) follows from (3.6)'. If t = 0, then (3.12) becomes

Up(a, \a\2) < 0 which follows from (3.13). Thus (3.5)'-(3.7)' will ensure

(3.2).

4. The existence of the function Up(x, t) : Real case

Recall from §2 that hp(x) = ex /4Dp(x) = ex ,4U(-p - \, x) satisfies the

differential equation

(4.1) t/"(x)-jcc/'(jc)+/?c/(x) = 0.
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Moreover

(4.2) hp(x) ~ xp 11 - P<J) ~ !) + o(x~3)|    asx^oo,

and

(4-3) A>)=M,_,W.

As in §2, let p be the largest positive zero of hp . If hp has no zero or no

positive zero, let p = 0.

As we will show in Lemma 5.1 of §5, for p > 1, h (p ) = 0. Since h (p ) =

0 and h is not identically zero, h'(p) ^0 from the uniqueness of the solution

of (4.1). Thus it is meaningful to let

aP = vP(fiP)/hP(fiP)   and   wp(x) = aphp{\x\).

We define for x £ R

up(x) = vp(x)    ifQ<\x\<pp,

= wp(x)   ifpp<\x\<oo,

and

Up(x,t) = tpl2up(x/St)   ifi>0,

= ap\x\p ift = 0.

If x t¿ 0, then, by (4.2), J^,(x, •) and Up(x, ■) are continuous functions on

[0, oo), where V (x, •) is defined in §3.

In the following several sections, we shall show that

(4.4) Up(x, t) > Vp(x, t)   for/? > 1, t > 0, x e»,

(4.5) HUP(X + a,t + a2) + Up(x -a,t + a2)} - Up(x ,t)<0

for p > 3, t > 0, x £ R, a e R, and

(4.6) Up(a ,a2)<0   for /? > 3 and a € K.

The proof of (4.4)-(4.6) will complete the proof of the inequality (1.7) of

Theorem 1.

We also show why (4.5) is not true for the exponents 1 < p < 2 and 2 <

p < 3.
As before, we call (4.4) the majorization property, (4.5) the averaging property,

and (4.6) the negativity property.

5. Proof of the majorization property

By the definition of UAx, t) and V (x, t) as well as the continuity, (4.4) is

equivalent to

(5.1) wp(x) > vp(x)   for all x > jUp.
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In fact, an even stronger property holds:

(5.2) wp(x)>vp(x)   forall;c>0.

See Wang [17] for the proof.

First we show some lemmas.

Lemma 5.1.  p  > p   and h (p ) = 0 for p > q > 1.

Proof. Let Wt be standard Brownian motion. Consider the stopping time de-

fined by

Sa = inf{t > 0: Wt = ayft - 1},       a > 0.

Novikov proved in [12] that Sa satisfies

(5.3) ESP <oo   ifa>p2p

and

(5.4) ESP   =oo
He

for p > j. Thus if there exist p and q such that p > q > 1 and p < p ,

then by (5.3) \\Sl/2\L < oo. The Liapounov inequality implies that ||S'/2|L <
r-q       P "q       "

\\S\' ||   < oo, which is contrary to (5.4). Thus pn>pa if p > q > 1 .
t*-q      y y h

Note that px = hx(px) = 0 since hx(x) is a constant multiplying x. So if

we can show pp > 0 for 1 < p < 2, then the lemma is proven.

By 19.3.3 of [1],

hp(0) = (2p/2/^)Y((p+l)/2)cos(pn/2).

Hence h (0) < 0 when 1 < p < 2. Using (4.2), we see that hp(x) is positive

when x is large. Therefore, from the fact that hp(x) is continuous, it follows

that Pp>0.   D

Lemma 5.2. If p < 1, then hp(x) > 0 on [0, oo). Moreover hx(x) > 0 on

(0,oo).

Proof. We first show that h (x) > 0 on [0, oo) if p < -|. This is equivalent

to U(-p - \, x) > 0 on [0, oo) if p < -\ .

Recall from §2 that U(-p - \, x) satisfies

(5.5) /_ (I*2 _ I _;,)•>; = 0.

By our condition on p , \x - \ -p > 0 for all x £ K\{0} . Also, by 19.3.5 of

HL

(5.7) u'(-p-\,0}=-
2^X)'2^     n

since -f > 0.
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Suppose U has a zero in (0, oo). Let z, be its smallest positive zero. Then,

by (5.6),

(5.8) U(-p-2-,x)>0   on[0,z,),

and, by (5.5),

(5.9) U"(-p - \, x) > 0   on(0,z,).

Case(i).  U'(-p-x2, z,)>0.

By (5.7), U' has a zero in (0, z,). Let z2 be its smallest one. The inequality

(5.9) and the mean value theorem of calculus imply

(5.10) U'(-p - \, x) > 0   on (z2,z,).

The mean value theorem once more implies, by (5.8) and (5.10), that

c7(-p-I,z,)>0

which is contrary to z, being a zero of U.

Case (ii).  U'(-p-\, z,) = 0.

Since U(-p - \, z,) = 0, the uniqueness of the solution of (5.5) implies

that U(-p - \, x) = 0, contrary to (5.6).

Con* (iii).   U'(-p-\, z,) <0.

Because U(-p - \ , z,) = 0, the continuity of U' at z, and the mean value

theorem show that, for some e > 0,

U(-p - \ , x) < 0   on (z,, z, +e).

By (4.2), z3 = inf{x > z, : U(-p - \ , x) = 0} < oo , and

U(-p- \,x)<0   on (z,,z3).

Hence, by (5.5),

U"(-p - \, x) <0   on (z,, z3).

Thus by the mean value theorem and U'(-p - \ , z,) < 0,

(5.11) U\-p - \, x) < 0   on (z,,z3).

However by Rolle's theorem, since U(-p - \ , z, ) = U(-p - ¿ , z3) = 0, there

exists a z4£ (zx, z3), such that

U'(-p - \, z4) = 0

which is contrary to (5.11). Thus the lemma is true when p <—\.

For the remaining p 's, let us first consider -¿ < p < 0. By (4.3)

h'p(x) =php_x(x)   on[0,oo).

Thus, using hp_x(x) > 0, the above line, and p < 0, we have

(5.12) h'p(x)<0   on[0,oo).



404 GANG WANG

Suppose there exists a z5 > 0 such that h (z5) < 0. Then, by the mean

value theorem and (5.12),

hp(x)<0   on(z5,oo),

which is contrary to (4.2). So h Ax) > 0 when -± < p < 0.

Finally when 0 < p < 1, again, by (4.3) we have

(5.13) h'p(x)>0   on(0,oo).

Using hp(0) = (2p/2/^7Ï)Y((p+l)/2)cos(p7i/2) > 0 for 0 < p < 1, /z,(0) = 0,

and (5.13), we have hp(x) > 0 on [0, oo) for 0 < p < 1 and hx(x) > 0 on

(0, oo). This completes the proof.   D

Lemma 5.3. (a) For 1 <p<2,

hp(x)>0   on(pp,oo),

h'p(x)>0,    hp(x)>0,    h{p\x)<0   and   h{p\x)>0   on (0, oo).

(b) For 2 < p < 3,

hp(x)>0   on(pp,oo),

h'p(x)>0   on(pp_x,oo),

hp(x)>0,    h{p\x)>0   and   h{4)(x)<0   on (0, oo).

(c) For p>3,

hp(x)>0 on(pp,oo),

h'p(x)>0 on(pp_x,oo),

hp(x) > 0 on (pp_2, oo),

h{p\x)>0 on(pp_i,oo),

h{p\x)>0 on(pp_4,oo).

In particular, hp(x) > 0 on (pp, oo) for n = 0, 1,2,3,4.

Notice that by Lemma 5.2, if p < n + 1, then p      = 0 according to our

definition.

Proof. Let us first show that h Ax) > 0 on (p , oo) for all p. If p < 1, this

follows from Lemma 5.2. Now consider the case p > 1. By Lemma 5.1, since

p    is the largest positive zero of h (x), h (x) must keep the same sign in

(pp,oc). By (4.2),

(5.15) hp(x)>0   on(pp,oo),

since h (x) > 0 when x is large. Thus, using (4.3), we have

(5.16) hp(x)=ph'p_x(x)=p(p-l)hp_2(x),

(5.17) h{p3)(x)=p(p-l)(p-2)hp_3(x),
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and

(5.18) hpA\x) =p(p - l)(p - 2)(p - 3)hp_,(x).

The lemma now follows from (5.15)—(5.18), (4.3), Lemma 5.1, and Lemma

5.2.   D

Proof of (5.1). There are two cases.

Case (i). p > 2 . We want to show that

(5.19) w'p(x) > v'p(x)   on [pp, oo).

Then by the mean value theorem and wp(pp) = vp(pp) = 0, we get

(5.20) wp(x) > vp(x)   on [pp, oo).

Consider Bp(x) = w'p(x)/v'p(x) = \aph'p(x)/xp~x. Then

*>) = ¿Vpi^KW - (P - ^x"~2h'p(x)}/x2p-2

= p-ap{xh'p\x)-(p-l)h'p(x)}/xp.

Differentiating (4.1 ) once, we have

U{3)(x) - xU"(x) + (p-l)U'(x) = 0.

Thus, h{p3)(x) - xh'p\x) + (p- l)h'p(x) = 0, or

(5.21) h(pi)(x) = xhp(x)-(p-l)h'p(x).

Using (5.21) in the last equality of Bp(x), (b) and (c) of Lemma 5.3, and the

definition of a , we have that

KM = p-«/^*)/** > 0   on (pp, oo).

Hence, the mean value theorem and Bp(pp) = 1 imply (5.19).

Case (ii).   1 < p < 2. Again let Bp(x) = w'p(x)/v'p(x) = -^aph'p(x)/xp~x. As

in Case (i), B'p(x) = -xpaphf (x)/xp.  Since ap = -ppp;x /h'p(pp) < 0 and

^!,3)00 < 0 on (0, oo) by Lemma 5.3(a), we have B'(x) < 0 on (0, oo). Now

using the mean value theorem and Bp(Pp) = 1, we get (5.19) and (5.20), thus

(5.1).    G

Before we go to the proof of (4.5), we show an important lemma which will

be needed very often later.

Lemma 5.4. p  > p - 1 if p >2 and p  < p - 1 if I <p <2.

Proof. From (4.1) and hp(pp) = 0, we see hp(pp) = pph!p(pp). Using (5.21)

we have
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Applying (5.17) and Lemmas

and when 1 <p<2,

»2P-(P

This completes the proof.   D

6. Proof of the averaging property

We first notice that inequality (4.5) is equivalent to

(6.1) \{t + a2)p/2{up((x + a)/\JÏ7a~2) + up((x - a)/\Jt~+a2)}

- fl2up(x/\Tt) < 0   for x £ R, a £ M and t > 0.

The case / = 0 is from the continuity of U .

Without loss of generality we can set t = 1. Also, since u is an even

function, we need to prove (6.1) only for x > 0 and a > 0. Thus (6.1) is

equivalent to

(6.1)'        1(1 + a2)p/2{up((x + a)/\fl7a~2) + up((x - a)/\fl~W)}

- u (x) < 0   for x > 0 and a > 0.

Denote

Gx(a) = i(l + a2)p/2{up((x + a)/^l+a2) + up((x - a)/\Jl+a2)} - up(x)

and let y = x/Vl+a2,  b = a/Vl+a2.   Since Gx(0) = 0 for x > 0,

inequality (6.1)' will follow if we can show

(6.2) C7^(a)<0   foralla>0.

In view of the definition of u , the proof of (6.2) is conveniently divided into

six cases:

2 2 2
Case (I).  0 < x < p , a>0, and (x±a)   < p ( 1 + a ).

Solving the above inequalities, we have

(i) Jp2 - 1 < x < pp and 0 < a < px(x) or a > p2(x), where

X-y/p}p(x2-p}p+l) X+^2(X2-/Z2+1)
(6.3) px(x) =-v   p2 -,        p2(x) =-v   p2 -

Pp-1 Vp-1

or

(ii) 0 < x < ^p2 - 1 and a > 0.

5.1 and 5.3, we see when p > 2,

-l) = h{p3)(pp)/h'p(pp)>0,

-i)=h{;\pp)/h'p(pp)<o.
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Differentiating Gx(a), we have

407

G'x(a)=l-Pa(l+a2f2-1
x + a

f*pp +
x - a

+ j(l + a2)"12 { sgn(a - x)p
x - a

Vl+a2

+ P

Vl+a2
-K

1 + ax

(Vl+a2)3

\p-i
x + a   \ 1 -ax

Vl + a2/       (Vl+a2)3

= \d+a2r"l2<
x - a

VI+ fl'

p-\
a\x - a\

l+a2
+ sgn(a

. 1 + ax \

1 +al )

+ P
x + a

Vl+a2

p-\
a(x + a) + l-ax^ _ 2  papp

l+az \+<f VI

= \(l+a2f-l)'2\pl

p-\

v/r^1
+ sgn(a - x)p

+ a

x - a

Vi+ a

+ a

p-\

_2. Paß,

VÎT?
= i(l + a2f-l),2{v'p(y + b) + sgn(b - y)v'p(\y - b\) - 2pbppp)

= l-(l+a2)ip-1)/2Cy(b)   if0<b<y

= \(l+a2)(p-y)l2Wy(b)   if0<y<b,

where

under the condition

(6.3.1)

and

i

under the condition

(6.3.2)

Cy(b) = v'p(y + b)-v'p(y-b)-2bpp

0<b<y,       y + b<pp,

,(b) = v'D(y + b) + v'(b-y)-2bpp

0<y<b,      y + b<pp.

Lemma 6.1. Both CAb) and %? (b) are nonpositive on the domain on which

they are defined.
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Proof. Assume that (6.3.1) holds and recall that, for p > 3, we have vAx) =

\x\p - Pp. So, if x > 0, then vp(x) = p(p - l^-2 . By (6.3.1) and Lemma

5.4,

C'y(b) = v'p(y + b) + v'p\y-b)-2pppp

= P{P - WCv + b)p~2 + (y- b)p-2} - 2pppp

<2p(p-l)pp;2-2pppp

= 2pppp-2((p-l)-p2p)<0.

This, together with Cy(0) = 0, implies that Cy(b) < 0 on [0, pp - y].

Now assume that (6.3.2) holds.   Then ^'(b) < 0 on [y, p  - y] by an

argument similar to the one above. By Lemma 5.4 and 2y < p ,

%{y) = v'p(2y) - 2ypppp

= p(2y)p~l -2ypppp

<2yppp-2(l-p2p)<0.

So W (b) < 0 on [y, pp- y]- This completes the proof of Lemma 6.1.   D

Thus (6.2) is proven by Lemma 6.1 under Case (I).

Case(11). 0<x<pp, a > 0,and (x+a)2 >p2(l+a2), (x-a)2 <p2(l+a2).

Solving the above inequalities, we have

(i) px(x)<a<p2(x), if yjvl -l<x<pp,

(6-4) m—
(ii) No solution if x < yjp  — 1,

where px(x) and p2(x) are defined in (6.3).

Notice that, by Lemma 5.1 and our assumption that 0 < x < pp ,

P>3^/z2>w3 = 3

*p2p-4>-\

^(p2p-l){x2(p2p-4) + p2p}>0

,2      -.2   2^2,2 2   ,   .,
=>(/^,-2) x  >pp(x -Pp + l)

=> x > p2(x).

So px(x) < p2(x) < x. Thus, by (6.4), x > a.
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Using (4.1),

1

2J
G:(a) = lpa(l+a2f2-iLphpU^]+v

x - a

+ arj     "{VÎT?
x + a  \     1 - ax

+ \(l + a2)Pl2 \aphp
2 { P P\Vl+a2) (Vl+a2)3

-v.
x - a 1 +ax

-fr*r»{jfofâ,y
.Vl+a2) (Vl+a2)3

pa x - a

VÎTa1 P \VlTa1,

+ a„h
x + a   \ 1 - ax

v.
x - a   \ 1 + ax

=Ui+a2r*<2\-p^
2 \Vl+a2

yWTa~2Jl+a2     'p\ViJa1Jl+>

,n ( x + a  \

+

p\ViW)
x + a   ,i f x + a

W+~a~2 p \VÏ+c7J
x + a  \ 1 - ax PaK

+ aph'p\Vi+~7)   +a2    VlTä
p-\   r

+ P

= l-{l+a2)^2laJ

x - a       1 + ax

Vl+a2 Vl+a2     1 + a2

if  x - a  \
p p

x - a

Vl+a2,

/   x + a

^/TT72)~Vp\sfl+~a~2)
a       (    .a ( x + a  \        p*

- 7TT7 \a'h' l7TT7J+'<
We will show G'x(a) < 0 on [px(x), p2(x)] by the following lemma.

Lemma 6.2. Define

DyiP) = aph'p(y + b)- v'p(y - b) - apbh'p\y + b)-pbppp

on the union of

(6.4.1) 0<y<Pp<2y,        pp-y<b<y,

and

(6.4.2) pp<y,       y-pp<b<y;

^y(b) = aph'p(y + b) + v'p(b -y)- apbh"p(y + b) -pbppp

on the union of

(6.4.3) Pp<2y,       y<b<y + pp,
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and

(6.4.4) 2y<ßp,       Pp-y<b<y + Pp.

Then both D'(b) and 2 (b) are nonpositive on their respective domains.

Before we start the proof, we observe that the union of (6.4.1) and (6.4.2) is

the set

(6.4.5) 0 < b < y,    y + b>pp,    and   y - b < pp.

The union of (6.4.3) and (6.4.4) is the set

(6.4.6) 0<y<b,    y + b>pp,    and   b - y < pp.

Proof. Under (6.4.5), by Lemmas 5.3 and 5.4, we have

(6.4.7) D'y(b) = -apbh[p3)(y + b) + v'p'(y - b) - ppp

< -<*pbh(3)(y + b) +p(p - l)pp-2-pppp

<PPP~\(p-\)-p])<Q.

Similarly, under (6.4.6),

(6.4.8) 3fy(b) = -apbh{3)(y + b) + v"p(b -y) -pppp < 0.

Assume (6.4.1) and fix a y £ [pp/2, pp],

Dy(t*P -y) = aph'p^P) - VpiP-p - 2b) - %bh'p\pp) - pbppp ,

where 0<b = pp-y<pp. For b £ [0, pp], let

dx(b) = %h'p(pp) - v'p(pp - 2b) - apbhp(pp) -pbpp.

Then by Lemma 5.4 and the fact that |u"(x)| < p(p - l)|x|p~2, \p - 2b\ < p ,

and ppp = aph'p(pp), we have on [0, pp],

dx(0) = aph'p(pp)-v'p(pp) = 0,

d[(b) = 2vp(pp - 2b) -pppp - aphp(pp)

< 2p(p - l)\pp - 2b\P~2 - ppPp - aph'p'(pp)

< 2p(p - l)ppp-2 - 2pppp = 2ppp;2((p - 1) - p\) < 0.

Thus by the mean value theorem,   dx(b) < 0  on  [0,p].   Consequently,

dx(pp -y) = Dy(pp -y) < 0. Hence by (6.4.7), Dy(b) < 0 on [pp - y, y].

Assume (6.4.2) and fix a y £ [pp , oo) ; then

Dy(y - Mp) = %h>P +2b) - V>P) - avbh>P +2è) - pW .

where 0 < b = y - pp . For b £ [0, oo), let

d2(b) = aph'p(pp + 2b) - v'p(pp) - apbhp(pp + 2b) -pbppp.
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Then

d2(0) = aph'p(pp)-v'p(pp) = 0,

d'2(b) = otph"p(pp + 2b) - 2apbh{3)(pp + 2b) -pppp.

So, by otph'p(pp) = ppp and Lemma 5.3,

d'2(0) = aph'p\pp)-pppp = 0,

d';(b) = -4apbhp4\pp + 2b)<0.

Thus on [0, oo), d2(b) < 0 by the mean value theorem. Consequently,

Dy(y - pp) = d2(y - pp) < 0.

Using (6.4.7), we have DAb) < 0 on [y - p , y].

Assume (6.4.3), and fix y £ [pp/2, p ],

®y(y) = <*ph'p(2y) - %yh"p(2y)-pyppp.

For y £ [pp/2, oo), let

¿iCv) = %h'p{2y) - apyhp(2y) -pypP.

Then, by essentially the same computation as above, we get

^{Hp/2)=pppp-\l-p2p)<Q,

AM2) = -ßp%hf(pp)<(3
and on [p 12, oo),

<(y) < o.

Now using the mean value theorem, we have for y £ [pp/2, oo), af[(y) < 0

and </x(y) < 0. Thus (6.4.8) and 3¡ (y) =¿Ay) imply that

3¡y(b)<Q   on[y,pp+y].

Finally assume (6.4.4) and fix a y £ [0, pp/2] ; then

^y(t*p -y) = Vph'p^p) + vp(2b - ßp) - <*pbhp(pp) -pbpp,

where pp/2 <b = pp-y<pp. For b £ [pp/2, pp], let

4(6) = aph'p(pp) + vp(2b - pp) - apbhp(pp) -pbpp.

Then again,

</2(pp/2)=pppp-l(l-p2p)<0

and

4(b) = 2p(p - l)(2b - pp)p-2 - 2pp"p < 0.
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Thus by the mean value theorem, d2(b) < 0 on [pp/2, pp]. So 3¡y(pp - y) =

<¿2(pp - y) < 0, and by (6.4.8)

9fy{b)<0   on[pp-y,pp+y].

This finishes the proof.   D

Now back to G'x(a). Since

G'x(a) = 1(1 +a2f-l)/2Dy(b),

so by Lemma 6.2

G'x(a)<0   on[px(x), p2(x)].

That is, (6.2) is proven in this case.

Case (III).  0 < x < pp , a > 0, and (x ± a)2 > p2p(l + a2).

We will show this is an impossible case.

Since 0 < x < p , a>0, and, by Lemma 5.4, pp > 1 for p > 3,

22 2222222 2
(x - a)  =x -2ax + a  <x +a  <pp + ppa  = p (I + a )

which is contrary to (x - a)  > p ( 1 + a ).

Case (IV). x > pp , a > 0, and (x ± a)2 < p2p(l + a2).

As in Case (I),

G'x(a) = 1(1 + a2){p'l)/2Cy(b),    if 0 < a < x,

= i(l + a2f~l)/2Wy(b),    ifO<x<a.

Thus G'x(a) < 0 by Lemma 6.1 in this case.

Case (V).  x > pp , a > 0, and (x + a)2 > p2p(l + a2), (x - a)2 < p2p(\ + a1).

As in Case (III),

G'x(a) = \(l+ a^-^Dyib),    if0<a<x,

= i(l+a2)(i"1)/2^v(è),    ifO<x<a.

Thus G'x(a) < 0 by Lemma 6.2 in this case.

Case (VI).  x > pp , a > 0, and (x ± a)2 > p2p(l + a2).

Solving the above inequalities, we have

(6.5) 0<a<-px(x)

where px(x) is defined in (6.3). Using the condition x > pp and Lemma 5.1,

we see

P > 2 =*> p] > 1

^(x2+l)(/i2-l)>0

=> xp] > ^p2p(x2-p2p + l)

^x>-px(x).
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So when 2 < p , -px(x) < x. Hence for 0 < a < -px(x), by (4.1),

2.P/2-1
C?x(a) = ¿Pa(l+aT     ap\hp

I   x + a

{7Î772
x + a   \

+ K
.Vi+ a^

1 -ax
+ \ap(l+a2)p'2\típ

2 P [P \Vl+a2J (Vl+a2)3

-A x - a 1 + ax

\(i+a2r*i\

= \(l+a2r*'\

pa

'P \VÎTa~2J (sfï+c7)3
x + a  \ pa     ,   i  x - a

V~i \Vl+a2

+h'

i2 P\

x + a

+
VÏ ,2   P

"VvT

VÏ

+ «'

-A
+ az

1 -ax

Y+c7

x + a

hi

+ a" '  \V\ +a2j

x - a  \ 1 + ax

vT+ ar

+
x + a

-h

Vl+a

x - a

A

+ *

=hl+ar-i)t\ k

( x + a  \

\VTTT2)
x + a

Vl+a:

a

+

pVvT

x + a

.Vl + a

x - a

+ a" \+al

+ ay

1 - ax

sfi 7h'>\
+ a       '

(  x - a

x - a   \

\ 1 + ax

-h

l+a2      -p\Vl

x - a  \

+ a l+a2

pVvTT7
x + a

VT
+ A

+ a vrVîTa1
Define

(6.5.1) Ey(b) = ap{h'p(y + b) - h'p(y - b) - b[h"p(y + b) + h"p(y - b)]}

on pp <y   and   b£[0,y-pp].

Note that (6.5.1) is equivalent to

(6.5.2) 0<b<y,       pp<y + b,       pp<y-b.

We will show G'x(a) < 0 on [0, -px(x)] by the following lemma.

Lemma 6.3. (a) EAb) is nonpositive on the domain it is defined when p > 3.

(b) EAb) > 0 on the domain it is defined when 1 < p < 2 and 2 < p < 3.

Proof, (a) Assume (6.5.1) and fix y > pp.  By (6.5.2), Lemma 5.3, and the

mean value theorem,

E'y(b) = ap[-bh{;\y + b) + bh{p3\y - b)] = -2b2aph{4\Ç) < 0,
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where p  < Ç £ (y - b, y + b). Hence bv the mean value theorem and E (0) =

0,
Ey(b)<0   on[0,y-pp].

(b) By the mean value theorem, there exists a Ç e (y - b, y + b) such that

E'y(b) = -2è2a^4)(C).

From (6.5.2), p  < £. When 2 < p < 3, Lemma 5.3(b) and the expression a

imply that

ap>0   and   Ey(b) > 0   on [0, y - pp].

So the mean value theorem and E (0) = 0 give

Ey(b)>0   on[0,y-pp].

When 1 < p < 2, Lemma 5.3(a) implies

ap<0   and   Ey(b) > 0   on[0,y-pp].

So again we have

Ey(b)>0   on[0,y-pp].

This concludes the proof.   D

We turn again to G'x(a). Since

G'x(a)=x2(l+a2)(p-{)l2Ey(b),

So by Lemma 6.3 G'x(a) < 0 on [0, -px(x)].  This completes the proof of

(6.2).

7. Proof of the negativity property

From the definition of Up(x), (4.6) is equivalent to

(7.1) up(l)< 0   forp> 1.

By the definition of up(x) and Lemma 5.4, (7.1) is equivalent to

(7.2) VI) <0   if/>>2,

and

(7.3) %hp(l)<Q   ifl<p<2.

Now using Lemma 5.3(a) and Lemma 5.4, we have v (1) < 0 for p > 2, and

ap < 0 and hp(l) > 0 for 1 < p < 2. So (7.2) and (7.3) both hold.

8. Remark on the case p < 3

We discuss here why (4.5) does not hold for 1 < p < 2 and 2 < p < 3 . In

fact we will show (6.1)' fails to be true when x > p , a > 0, and (x ±.a) >

yU2(l + a2) in both cases. When p = 1 or p = 2, (4.5) is trivially true.
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If 1 < p < 2, solving x > p , (x ± a)  > p (1 + a ), we have

0 <a<-px(x),    or   a>-p2(x),

where px(x) and p2(x) are defined in (6.3).

A similar argument as in Case (VI) shows that x < -px (x) when 1 < p < 2.

Fix an x > p . For a £ (0, x], let y = x/V 1 + a2 and b = a/Vl + a2 , then

y and b satisfy (6.5.2). Hence, by the proof of Lemma 6.3(b),

G'x(a) = x2(l+a2)(p'x)l2Ey(b) > 0   on (0, x].

Thus, by the mean value theorem and C7X(0) = 0,

Gx(a)>0   on(0,x],

which is contrary to (6.1)'.
2 2 2

If 2 < p < 3, then p < x, a > 0, (x ± a) > p (1 + a ) imply that

0 < a < -px(x), where px(x) is defined in (6.3), and x > -px(x) as we have

shown in Case (VI). Fix x > p . Thus y = x/V 1 + a2 and b = a/Vl + a2

satisfy (6.5.3); we then have on (0, -px(x)], by Lemma 6.3(b),

G'x(a)=x2(l+a2f-l)/2Ey(b)>0.

So Gx(a) > 0 on (0, -px(x)] by the mean value theorem and Gx(0) = 0,

which is contrary to (6.1)'.

9. The existence of the function U (x, t) :

Hilbert space case

We want to generalize the above results to Hilbert spaces. Namely, we want

to show that the analogues of (4.4)-(4.6) hold in Hilbert spaces. We will then

have (1.7)   of Theorem 1 .

Let ap and up be as in §4. Define for x £ H, t > 0,

Up(x,t) = tp/2up(\x\/Vt)   if í > 0,

= ap\x\p    if í = 0,

for any inner product spaces H.  For any element x 6 H, denote X = \x\,

cosö = (x • a)/XA , where • is the inner product. Then

\x + a\ = \lx2 + A2 + 2XAcosO.

The analogue of (4.4) is

(9.1) Up(x, t) > Vp(x, t).

This is trivially true by the definition and (4.4).
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The analogue of (4.5) is

(9.2)    ^{Up(x + a, t + A2) + Up(x - a, t + A2)} - Up(x, t) <0

for p > 3 and all x e H, a £ H, t > 0.

By our definition it is equivalent to

1,.  ,   A2.p/2l      ((x2 + A2 + 2AXcosd\l/2

2il + A)   \Up{{-Y+-J2-J

«... ^     i(x2 + A2-2AXcosey/2\ ,
(   } +Up[[-iTI2-J   P

<0   for X>0,A>0, and cos0e[O, 1].

Define

Mt) = -(l+A)     |^ i+a2        j     J

l/2>
'x2 + ^2-2.lyA

i+^2    ~J

Since ñp(l) = GX(A) < 0, it suffices to show tfp(t) >0 on [0,1].

As in the real case, there are six cases according to the definition of up(x)

Case (I).  0<X <pp, A>0, X2 + A2 ± 2AXt < p](l + A2).

Since

X2 + A2 + 2AXt > X2 + A2 - 2AXt

and p > 2, we have

X2 + A2-2AXt\'2-

l+A2 )

in this case.

Case (II).  0<X <pp, A>0, X2 + A2 + 2AXt > p2p(l + A2), and X2 + A2

2AXt < p2(l + A2).
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In this case,

-1/2

s'a*\      X av!\  ,   ^V/2"1 j      ( X2 + A2 + 2AXt\Kp(t) = 2^(1 + A ) lap y-—-2-j

,, f ÍX2+A2 + 2AXt\
l/2\

< "P I  l i  ,   a2l+A2        ) J

(x2 + A2-2AXt\Pl2~X\

>^(l+^y-'P+^^)"1/2

/X2 + ^2 + 2^Zi{q^11    i+^2
)-),(i^-»p)

>o

since pXp~x < aph'p(X) on [pp, oo) by (5.19).

Care (III).  0<X</ip, ¿>0, X2 + ,42±2¿lYcos0>/í2(1+,42).

As in the real case in §6, this is impossible.

Case (IV).  X > pp , A>0, X2 + A2 ± 2AXt < p2p(l + A2).

CaseÇV).  X>pp,A>0, X2+A2+2AXt > p2p(l+A2), and X2+A2-2AXt <

ßlil+A2)-
ñ'At) in Cases (IV) and (V) has the same expression as in Cases (I) and (II).

So it is nonnegative.

Case (VI).   X > pp , A > 0, X2 + A2 ± 2AXt > p2p(l + A2).

In this case,

¿p(t)=l-AXap(l+A2)pl2-X

'X2 + A2 + 2AXt\ , ( (x2 + A2 + 2AXt\

,     i + ^2     )      >{[     \+a2     )

ÍX2 + A2-2AXtY1'2, ((x2 + A2-2AXt\

l+A2

np\\-^^~)

Let C(X) = h'p(X)/X for X > pp . Then,

C'(X) = (Xh"p(X)-h'p(X))/X2

= (hi3)(X) + (p-2)h'(X))/X2>0
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by Lemma 5.3 and the fact that hp satisfies differential equation (4.1). Thus if

pp < Xx < X2 , then by the mean value theorem, C(XX) < C(X2). Hence if we

let

(X2 + A2 -2AXt\'2 (x2 + A2 + 2AXt\12
l~{     ÏTI2     )   '     X2~[     Ï77     )   '

then, by the above inequality, ñ'At) > 0.

This completes the proof of (9.2).

The analogue of (4.6) is

(9.12) Up(a, \a\2) <0   for a £ H.

This is trivially true. Combining (9.1 ), (9.2), and (9.12), we see that the function

UAx, t) satisfies the properties described in §3.

10. The existence of the function V (x, t)

Recall from §2 that vp is the smallest positive zero of M . We define

ñP=K^P^M'p^    and   Wp(x)=ñpMp(x)-

Also let

up(x) = WP(\X\)   for 0<\x\<vp,

= vp(\x\)     forup < \x\ <oo,

Wp(x,t) = tp/2wp(\x\/Vt)   fori^O,

and

Up(x, t) = fl2üp{\x\lVt)      for t > 0,

= - sgn(p - 2)|x|p    for t = 0.

Then functions U (x, t) when p > 2 and W (x, t) when 0 < p < 2 satisfy

conditions (3.5)'-(3.7)' in §3. See Chapter 3 of Wang [17] for details. Thus

the existence of the function Up(x, t) is ensured. When H = R, this gives

another proof of Davis' [7] results.

11. The sharpness of the constants v   and p

For the case H = R, Davis [7] showed that v is the best possible constant

in (1.6) and (1.8) of Theorem 1. The same procedure can be used to obtain a

similar result for p in the case H = R and p > 3. The fact that (1.7) does

hold in the real case is the main result of this paper. These inequalities, the

inequalities (1.6), (1.7), and (1.8) of Theorem 1, which we have shown to be

valid for any Hubert space H, must therefore be sharp for H.
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